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In this paper some special entropy pairs of Lax type are constructed for the
system of nonlinear elasticity, in which the progressive terms are functions of a
single variable. The necessity estimates for the major terms are obtained by using
the theory of singular perturbation of the ordinary differential equations. The
special entropy pairs are used to prove that the family of Young measures uniquely
determined by the viscosity solution sequence is a family of Dirac measures.
Hence, a convergence theorem on the viscosity solutions is established by applying
the method of compensated compactness. Q 1997 Academic Press
1. INTRODUCTION
In this paper, we consider the existence of the global weak solutions for
the system of nonlinear elasticity with linearly degenerate points, i.e., the
system describing the balance of mass and momentum of the medium
¨ y u s 0, u y s ¨ s 0, 1.1 .  .t x t x
with initial data
¨ x , 0 , u x , 0 s ¨ x , u x , 1.2 .  .  .  .  . .  .0 0
* Supported by National Natural Youth Science Foundation of China.
585
0022-247Xr97 $25.00
Copyright Q 1997 by Academic Press
All rights of reproduction in any form reserved.
CHANGJIANG ZHU586
 .where ¨ is the strain, u the velocity, and s ¨ the stress. Our assumptions
 .on s ¨ are as follows:
 .  .  .A s ¨ is sufficiently smooth and s 9 ¨ ) 0, for any ¨ g R,1
 .  4A there exists a finite or infinite set S s ¨ : ¨ - ¨ , where S2 n n nq1
has no finite limit point, such that
s 0 ¨ s 0, if ¨ g S .
and
s 0 ¨ - 0, if ¨ g y` , ¨ , s 0 ¨ ) 0, if ¨ g ¨ , q` y S, .  .  .  .1 1
 .A for every ¨ g S, there exists a positive integer number p such3 n n
that
s 2. ¨ s s 3. ¨ s ??? s s  pny1 . ¨ s 0, s  pn. ¨ / 0. .  .  .  .n n n n
 .  .Remark 1.1. When s ¨ is an analytic function, assumption A holds3
automatically.
Remark 1.2. There exist many functions which satisfy the assumptions
 .  .A ] A . For example,1 3
¨ s 2 k q1 2 k 2 k1 2 ns ¨ s ds t y ¨ t y ¨ ??? t y ¨ dt , .  .  .  .H H 1 2 n
0 0
where k , k , . . . , k G 0 are integer numbers, ¨ , ¨ , . . . , ¨ g R.1 2 n 1 2 n
 .By simple calculation, the two eigenvalues of the system 1.1 are
1r2 1r2
l s y s 9 ¨ , l s s 9 ¨ , 1.3 .  .  . .  .1 2
with corresponding right eigenvectors
T T
2’ ’r s 1, s 9 ¨ , r s 1, y s 9 ¨ . .  . /  /1
Riemann invariants are
¨ ¨’ ’z s u y s 9 s ds, w s u q s 9 s ds. 1.4 .  .  .H H
¨ ¨1 1
By direct calculation, we have
s 0 ¨ s 0 ¨ .  .
=l ? r s y , =l ? r s . 1.5 .1 1 2 2’ ’2 s 9 ¨ 2 s 9 ¨ .  .
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 .Hence, the system 1.1 is strictly hyperbolic, and two characteristic fields
are linearly degenerate only on the set S.
 .For the system 1.1 , there have been many results on the global weak
w xsolutions. DiPerna 9 firstly gave the existence of the global weak solu-
 .  4tions for the case when ¨s 0 ¨ ) 0, ;¨ g R y 0 . This is the first
successful application of the theory of compensated compactness to a
system of conservation laws. Based on DiPerna's fundamental result see
w x. w x9 , Lin 16 obtained the existence of the global weak solutions for the
 .  4 pcase when ¨s 0 ¨ - 0, ;¨ g R y 0 and initial data in L space. Re-
w x  .cently, Lu 18 extended 1.1 to a more general system
¨ q u q g ¨ s 0, u q cu q f ¨ s 0 1.6 .  .  . .  .x xt t
and also obtained the existence of the global weak solutions using DiPerna's
w xframework in 9 . We observe, however, that all the above papers require
 .that both characteristic fields for the system 1.1 be linearly degenerate
only on the line ¨ s 0, i.e., set S is a single point one. In this paper, we are
going to study the case when more linearly degenerate points appear for
 .  .  .the system 1.1 ; that is, under the assumptions A , A , we will prove2 3
 .the existence of the global weak solution for the Cauchy problem 1.1 ,
 .1.2 by the method of compensated compactness. It is well known that
linear degeneracy makes it difficult to reduce the family of Young mea-
sures uniquely determined by the viscosity solution sequence for the
 .system 1.1 to a family of Dirac measures.
To overcome the difficulty caused by the linear degeneracy, we will
construct the special entropy-entropy flux pairs of Lax type, which are
w xdifferent from the entropy pairs introduced by DiPerna 9 , where all terms
of progression are the functions of a single variable. Furthermore, we
obtain the necessary uniform estimates on the major terms by applying the
theory of singular perturbation of the ordinary differential equations.
These special entropy pairs provide that the family of Young measures nx, t
 .uniquely determined by the viscosity solutions for the system 1.1 is a
family of Dirac masses. Therefore, the following convergence theorem on
the viscosity solutions can be established by applying the theory of com-
pensated compactness.
 .   .  ..THEOREM 1.1 Main theorem . Let the initial data ¨ x , u x be0 0
 .  .  .bounded and measurable. Furthermore, assume that s ¨ satisfies A ] A .1 3
 .  «  . «  ..Then there exists a subsequence still labeled ¨ x, t , u x, t of the
 .  .¨iscosity solutions gi¨ en by 2.1 , 1.2 and a bounded measurable function
  .  ..¨ x, t , u x, t such that
¨ « x , t ª ¨ x , t , u« x , t ª u x , t , a.e. on V , .  .  .  .
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q   .  ..where V ; R = R is any bounded open set. Therefore, ¨ x, t , u x, t is
 .  .an admissible solution of the Cauchy problem 1.1 , 1.2 .
The plan of this paper is as follows: In Section 2, we study the viscosity
 .solutions for the system 1.1 . In Section 3, we construct four families of
entropy-entropy flux of Lax type, which are used in Section 4 to prove that
the family of Young measures n is indeed a family of Dirac ones.x, t
2. VISCOSITY SOLUTIONS
In this section we consider the Cauchy problem for the related parabolic
 .system of 1.1
¨ y u s « ¨ ,t x x x
2.1 . u y s ¨ s « u , .t x x x
 .with initial data 1.2 .
Along the lines of w s N, w s yN, z s N, and z s yN, we have from
 .  .the assumptions A , A1 2
du 1r2w s N : s y s 9 ¨ - 0, . .
d¨
d2 u y1r2s y2 s 9 ¨ s 0 ¨ F 0, for ¨ ) ¨ ; .  . . 12d¨
du 1r2w s yN : s y s 9 ¨ - 0, . .
d¨
d2 u y1r2s y2 s 9 ¨ s 0 ¨ ) 0, for ¨ - ¨ ; .  . . 12d¨
du 1r2z s N : s s 9 ¨ ) 0, . .
d¨
d2 u y1r2s 2 s 9 ¨ s 0 ¨ G 0, for ¨ ) ¨ ; .  . . 12d¨
du 1r2z s yN : s s 9 ¨ ) 0, . .
d¨
d2 u y1r2s 2 s 9 ¨ s 0 ¨ - 0, for ¨ - ¨ . .  . . 12d¨
w xTherefore, by applying the theory in 5 for general invariant regions, we
have the following theorem.
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 .  .THEOREM 2.1. Let the assumptions A , A hold. If the initial data1 2
 .  .¨ x , u x are bounded and measurable, then0 0
S s ¨ , u : w ¨ , u F N , z ¨ , u F N 4 .  .  .
 .is the in¨ariant regions of 2.1 for all « ) 0, where N is a positi¨ e constant
depending only on the initial data and s .
 .  .From Theorem 2.1, the solutions of the Cauchy problem 2.1 , 1.2 have
a L`-priori estimate
« «¨ x , t F M , u x , t F M , 2.2 .  .  .
where M is a positive constant, independent of « . Therefore, the following
global existence of solutions is obtained.
 .  .  .THEOREM 2.2. Under the assumptions A , A , if the initial data ¨ x ,1 2 0
 .u x are bounded measurable, then for any fixed « ) 0, the Cauchy problem0
 .  .  «  . «  ..2.1 , 1.2 admits a unique global smooth solution ¨ x, t , u x, t satisfy-
 .ing the estimates 2.2 .
 .Noticing that the system 1.1 admits a strictly convex entropy
¨
1 2h* s u q s s ds, .H2
¨ 1
 w x.we have the following theorem cf. 8, 25 .
2   .  ..THEOREM 2.3. For any C -entropy pairs h ¨ , u , q ¨ , u of the system
 .1.1 ,
h ¨ « , u« q q ¨ « , u« .  .t x
y1 q.is compact in H R = R .l oc
Theorem 2.3 guarantees that that Tartar]Murat functional equation
 .  .3.2 in Section 4 is true. Equation 3.2 plays a very important role in
reducing the family of Young measures n which are uniquely deter-x, t
 .mined by the viscosity solution sequence for the system 1.1 to a family of
Dirac ones in Section 4.
3. ENTROPY WAVES
 .In this section, we study the entropy waves for the system 1.1 . We will
construct the Lax entropies and give the required estimates by using the
theory of singular perturbation of the ordinary differential equations.
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 .We recall that a pair of real-valued mappings h, q is an entropy-
 .  .entropy flux pair of 1.1 if for all smooth solutions of the system 1.1 , we
have
q s ys 9 ¨ h , q s yh . 3.1 .  .¨ u u ¨
 .Eliminating the q from 3.1 yields
h s s 9 ¨ h . 3.2 .  .¨ ¨ uu
1 k w N   . n.For any N G 1, substituting entropies h s e  a ¨ rk qk ns0 n
  . Nq1..  .a ¨ , k rk into 3.2 , we obtain thatNq1
s 0 ¨ .
X’k 2 s 9 ¨ a q a . 0 0 /’2 s 9 ¨ .
N 1 s 0 ¨ .
X Y’q 2 s 9 ¨ a q a q a . n n ny1ny1  /k ’2 s 9 ¨ .ns1
Y1 s 0 ¨ a . Nq1X Y’q 2 s 9 ¨ a q a q a q s 0. . Nq1 Nq1 NN  /kk ’2 s 9 ¨ .
Let
s 0 ¨ .
X’2 s 9 ¨ a q a s 0 3.3 .  .0 0’2 s 9 ¨ .
and
s 0 ¨ .
X Y’2 s 9 ¨ a q a q a s 0, 1 F n F N ; 3.4 .  .n n ny1’2 s 9 ¨ .
then one gets
Ys 0 ¨ a . Nq1X Y’2 s 9 ¨ a q a q a q s 0. 3.5 .  .Nq1 Nq1 N k’2 s 9 ¨ .
 .  .  .Solving 3.3 , 3.4 recursively with respect to a n G 0 , we getn
y1r4a ¨ s s 9 ¨ ) 0, 3.6 .  .  . .0
¨y1r4 y1r4Y1a ¨ s y s 9 ¨ a s s 9 s ds, 1 F n F N. .  .  .  . .  .Hn ny12
¨ 1
3.7 .
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Through tedious but simple calculation, we have by the method of induc-
tion
nq1y1 .  . .y 1r4 2 nq5X nq2.a ¨ s s 9 ¨ s ¨ .  .  . .n nq22
q g ¨ s nq1. ¨ q ??? qg ¨ s 2. ¨ , 1 F n F N , 3.8 .  .  .  .  .n1 nn
 . 1 .where g ¨ g C R , i s 1, 2, . . . , n, n s 1, 2, . . . , N.ni
 .In order to get the existence of a ¨ , k and its uniform boundednessNq1
with respect to k, we first establish the following theorem:
 . 3THEOREM 3.1. For sufficiently large k, Eq. 3.5 has C -solution
 .  . X  .a ¨ , k and a ¨ , k , a ¨ , k are uniformly bounded with respect toNq1 Nq1 Nq1
k.
Before proving Theorem 3.1, we introduce the following theorem of
 w x.singular perturbation of the ordinary differential equations cf. 12 .
 . 2w xTHEOREM 3.2. Let Y x g C a , b be the solution of the equation
F x , Y , Y 9 s 0, .
 .  .and functions f x, y, z, l , F x, y, z be continuous on the regions a F x F b ,
<  . <  . <  . <  .  .y y Y x F P x , z y Y 9 x F Q x for some positi¨ e functions P x ,
 .Q x and l ) l ) 0. In addition,0
¡ f x , y , z , l y F x , y , z F d , .  .
F x , y , z y F x , y , z F A y y y , .  .2 1 2 1~ 3.9 .
F x , y , z y F x , y , z .  .2 1 G L¢ z y z2 1
for some positi¨ e constants d , A, L.
 .  .If y x s y x, l is a solution of the following second order ordinary
differential equation
l y0 q f x , y , y9, l s 0, .
 .  .  . w xwith y x s Y x and y9 x being arbitrary, where x g a , b , then for0 0 0 0
<  .  . <  .sufficiently small l ) 0, d ) 0, and B s y9 x y Y 9 x , y x exists for all0 0
a F x F b and satisfies
d B D Ax
y x , l y Y x - q l q exp , .  .  5 /  /A L A L
<  . <where D s max Y 0 x .a F x F b
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Proof of Theorem 3.1. We know that
¨y1r4 y1r4Y1Y ¨ s y s 9 ¨ a s s 9 s ds .  .  .  . .  .H1 N2
¨ 1
is a C 2-solution of equation
s 0 ¨ .
Y’2 s 9 ¨ Y 9 ¨ q Y ¨ q a ¨ s 0 .  .  .  .N’2 s 9 ¨ .
on yM F ¨ F M.
Choosing
1
F ¨ , y , y9 s f ¨ , y , y9, .  /k
s 0 ¨ .
Y’s 2 s 9 ¨ y9 ¨ q y ¨ q a ¨ , .  .  .  .N’2 s 9 ¨ .
1 s 0 ¨ .’B s 0, l s , L s 2 inf s 9 ¨ , d s 0, A s sup , .1 1 1 1k < < ’¨ FM 2 s 9 ¨ .< <¨ FM
 .  .then it is easy to verify 3.9 . By using Theorem 3.2, Eq. 3.5 has a solution
 .a ¨ , k on yM F ¨ F M andNq1
D A ¨1 1
a ¨ , k y Y ¨ - exp , .  .Nq1 1  /kA L1 1
< Y . <where D s sup Y ¨ . Thus1 <¨ < F M 1
D A ¨1 1
a ¨ , k F Y ¨ q exp . 3.10 .  .  .Nq1 1  /A L1 1
X  .  .Next we estimate a ¨ , k . To this end, differentiating equation 3.5Nq1
with respect to ¨ , we get
3s 0 ¨ .
Y X’2 s 9 ¨ a ¨ , k q a ¨ , k .  .  .Nq1 Nq1’2 s 9 ¨ .
X Zs 0 ¨ a ¨ , k .  .Nq1Zq a ¨ , k q a ¨ q s 0. 3.11 .  .  .Nq1 N / k’2 s 9 ¨ .
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 . 2Let Y ¨ be a C -solution of equation2
X
3s 0 ¨ s 0 ¨ .  .’2 s 9 ¨ Y 9 ¨ q Y ¨ q Y ¨ .  .  .  .1 /’ ’2 s 9 ¨ 2 s 9 ¨ .  .
q aZ ¨ s 0. 3.12 .  .N
 .Then Y ¨ is uniformly bounded with respect to k.2
Choosing
3s 0 ¨ .’F ¨ , y , y9 s 2 s 9 ¨ y9 q y .  . ’2 s 9 ¨ .
X
s 0 ¨ .
Zq Y ¨ q a ¨ , .  .1 N /’2 s 9 ¨ .
1 3s 0 ¨ .’f ¨ , y , y9, s 2 s 9 ¨ y9 q y . /k ’2 s 9 ¨ .
X
s 0 ¨ .
Zq a ¨ , k q a ¨ , .  .Nq1 N /’2 s 9 ¨ .
X
D s 0 ¨ A ¨ 1 .1 1
d s sup exp , l s , B s 0,2 2 / /kA L k’2 s 9 ¨ .< <1 1¨ FM
3 s 0 ¨ .
A s sup , L s L ,2 2 1’2 s 9 ¨ .< <¨ FM
 .then it is easy to verify 3.9 and it follows from Theorem 3.2
D A ¨2 2Xa ¨ , k y Y ¨ F exp , .  .Nq1 2  /kA L2 2
< Y . <where D s sup Y ¨ . Thus2 <¨ < F M 2
D A ¨2 2Xa ¨ , k F Y ¨ q exp . 3.13 .  .  .Nq1 2  /A L2 2
The proof of Theorem 3.1 is completed.
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 .Thus using 3.1 and the argument above, a progressing wave of the
 .system 1.1 is provided by
N¡ a ¨ a ¨ , k .  .n Nq11 k wh s e q ,k n Nq1 /k kns0~ 3.14 .X XN1 a ¨ a ¨ , k .  .n Nq11 1 k wq s l h y e q ,k 1 k n Nq1¢  /k k kns0
 . X  .where a ¨ , k , a ¨ , k exist, and are uniformly bounded with re-Nq1 Nq1
spect to k.
Similarly, we can obtain other entropy-entropy flux pairs of Lax type as
N¡ b ¨ b ¨ , k .  .n Nq11 yk wh s e q ,yk n Nq1 /k kns0~ 3.15 .X XN1 b ¨ b ¨ , k .  .n Nq11 1 yk wq s l h q e q ,yk 1 yk n Nq1¢  /k k kns0
N¡ c ¨ c ¨ , k .  .n Nq12 k zh s e q ,k n Nq1 /k kns0~ 3.16 .X XN1 c ¨ c ¨ , k .  .n Nq12 2 k zq s l h y e qk 2 k n Nq1¢  /k k kns0
and
N¡ d ¨ d ¨ , k .  .n Nq12 yk zh s e q ,yk n Nq1 /k kns0~ 3.17 .X XN1 d ¨ d ¨ , k .  .n Nq12 2 yk zq s l h q e q ,yk 2 yk n Nq1¢  /k k kns0
 .  .  .  .  .  .where b ¨ , c ¨ , d ¨ n s 1, 2, . . . , N and b ¨ , k , c ¨ , k ,n n n Nq1 Nq1
 .d ¨ , k satisfyNq1
b ¨ s a ¨ ) 0, 3.18 .  .  .0 0
s 0 ¨ .
X Y’2 s 9 ¨ b q b y b s 0, 1 F n F N , 3.19 .  .n n ny1’2 s 9 ¨ .
NONLINEAR ELASTICITY 595
Ys 0 ¨ b . Nq1X Y’2 s 9 ¨ b q b y b y s 0, 3.20 .  .Nq1 Nq1 N k’2 s 9 ¨ .
c ¨ s b ¨ , 0 F n F N , c ¨ , k s b ¨ , k , 3.21 .  .  .  .  .n n Nq1 Nq1
d ¨ s a ¨ , 0 F n F N , d ¨ , k s a ¨ , k 3.22 .  .  .  .  .n n Nq1 Nq1
and
¨y1r4 y1r4Y1b ¨ s s 9 ¨ b s s 9 s ds, 1 F n F N , .  .  .  . .  .Hn ny12
¨ 1
y1  . .y 1r4 2 nq5X nq2.b n s s 9 ¨ s ¨ .  .  . .n nq22
q h ¨ s nq1. ¨ q ??? qh ¨ s 2. ¨ , 1 F n F N , 3.23 .  .  .  .  .n1 nn
 . 1 .where h ¨ g C R , i s 1, 2, . . . , n, n s 1, 2, . . . , N.ni
 .In addition, we can prove the existence of b ¨ , k and the uniformNq1
 . X  .boundedness of b ¨ , k , b ¨ , k with respect to k.Nq1 Nq1
Furthermore, we have
1 1¡
1 k w 1 yk wh s e a ¨ q O , h s e b ¨ q O , .  .k 0 yk 0 /  / /  /k k~ 3.24 .XN1 a ¨ 1 .n1 1 k wl h y q s e q O1 k k n Nq1¢  / /k k kns0
and
1 1¡
2 k z 2 yk zh s e c ¨ q O , h s e d ¨ q O , .  .k 0 yk 0 /  / /  /k k~ 3.25 .XN1 d ¨ 1 .n2 2 yk zq y l h s e q O .yk 2 yk n Nq1¢  / /k k kns0
 .  .The properties 3.24 , 3.25 are basic to our analysis in the next section.
4. PROOF OF THEOREM 1.1
Before proving Theorem 1.1, we first state the following lemmas.
LEMMA 4.1. Let K ; Rn be a bounded open set and U«: R = Rqª Rn
CHANGJIANG ZHU596
be a sequence of measurable functions such that
U« x , t g K , a.e. .
 .  .and, for function pairs h , q i s 1, 2 ,i i
h U« q q U« compact in Hy1 . .  .t xi i l oc
Then
 .  . «i There exists a subsequence still labeled U and a family of Young
measures
nn g Prob R , supp n ; K , .x , t x , t
such that
«  :w* y lim g U s n l , g l s g l dn l , 4.1 .  .  .  .  .  .Hx , t x , t
nR
for any continuous function g, and the Tartar]Murat functional equation
 :  : :  : :n , h q y h q s n , h n , q y n , h n , q , a.e.x , t 1 2 2 1 x , t 1 x , t 2 x , t 2 x , t 1
4.2 .
 .  .holds for the function pairs h , q i s 1, 2 , where w*-lim denotes the weaki i
limit in the weak-star topology.
 . «ii The sequence U con¨erges strongly to U if and only if the family of
 .Young measures n at almost all points x, t is a family of Dirac measuresx, t
 .concentrated at U x, t ; that is, n s d .x, t U x, t .
w xThe detailed proof of this lemma can be found in 25 .
 n.Remark 4.1. The family of Young measures n g Prob R is com-x, t
«  .pletely determined by the sequence U x, t .
 .  .LEMMA 4.2. Let the assumption A ] A be satisfied. Then for any n1 3
s  pn. ¨ ) 0, .n
 .and p G 3 is an odd number, p G 4 n G 2 is an e¨en number.1 n
 p1. .Proof. When n s 1, from s ¨ / 0, there exists d ) 0 such that1 1
 .  .¨ y d , ¨ q d ; y` , ¨ and1 1 1 1 2
sign s  p1. ¨ s sign s  p1. ¨ for ¨ g ¨ y d , ¨ q d . 4.3 .  .  .  . .  .1 1 1 1 1
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 .By applying Taylor's formula in ¨ y d , ¨ q d , we have1 1 1 1
s 0 ¨ s s 0 ¨ q s - ¨ ¨ y ¨ .  .  .  .1 1 1
1 p y3 p y1. 11q ??? q s ¨ ¨ y ¨ .  .1 1p y 3 ! .1
1 p y2 p . 11q s u ¨ q 1 y u ¨ ¨ y ¨ , 4.4 .  .  . .1 1p y 2 ! .1
 .where u g 0, 1 .
 .  .  .From the assumptions A , A , the formula 4.4 deduces2 3
p y2 p . 11s u ¨ q 1 y u ¨ ¨ y ¨ ) 0, if ¨ g ¨ , ¨ q d 4.5 .  .  .  . .1 1 1 1 1
and
p y2 p . 11s u ¨ q 1 y u ¨ ¨ y ¨ - 0, if ¨ g ¨ y d , ¨ , 4.6 .  .  .  . .1 1 1 1 1
 .  .and 4.3 , 4.5 show
s  p1. ¨ ) 0. 4.7 .  .1
 .  .  .From 4.3 , 4.6 , and 4.7 , one gets that p G 3 is an odd number.1
When n G 2, the proof is similar and the details are omitted. This
completes the proof of Lemma 4.2.
Proof of Theorem 1.1. From Theorem 2.2, Theorem 2.3, and Lemma
 44.1, we conclude that there exists a family of probability measures n ,x, t
 . <  . < <  . < 4supp n g K s ¨ , u : ¨ x, t F M, u x, t F M , uniquely determinedx, t
 «  . «  ..by the viscosity solutions ¨ x, t , u x, t , such that the Tartar]Murat
 . 2  .  .functional equation 4.2 holds for all C -entropy pairs h , q i s 1, 2 ofi i
 .the system 1.1 .
Now we prove that the family of Young measures n is a family ofx, t
Dirac measures.
Let Q denote the smallest characteristic rectangle
Q s ¨ , u : wyF w ¨ , u F wq, zyF z ¨ , u F zq 4 .  .  .
which contains the support of n .x, t
w x i  .As in 9 , we introduce probability measures m i s 1, 2 on Q" k
defined by
mi , h s n , hh i r n , h i , i s 1, 2, 4.8 :  :  :  . i" k x , t " k x , t " k
 .where h s h ¨ , u denotes an arbitrary continuous function. As a conse-
quence of weak-star compactness, there exist probability measures mi on"
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Q such that
mi , h s lim mi , h , 4.9 :  :  . i" " k
kª`
after the selection of an appropriate subsequence. We observe that the
measures mi and mi are respectively concentrated on the boundaryq y
sections of Q associated with w, z, i.e.,
supp m1 ; I "s ¨ , u : w s w ", zyF z F zq 4.10 4 .  ." w
and
supp m2 ; I "s ¨ , u : wyF w F wq, z s z " . 4.11 4 .  ." z
 .  . w xNoticing 3.24 , 3.25 , we can deduce by the method in 9 that
mi , l h y q s mi , l h y q , i s 1, 2 4.12 :  :  . iq i y i
2  .for any C -entropy pair h, q .
 .  .From assumption A and 1.4 , the two eigenvalues are genuinely2
nonlinear when restricted to the set
¨ , u : ¨ - 0 or equivalently ¨ , u : w - z . 4.13 4  4 .  .  .
To show n is a family of Dirac measures, it is sufficient to provex, t
wqs wy and zqs zy. Otherwise, one of the following holds:
 . q y q ya w ) w , z ) z ;
 . q y q yb w ) w , z s z ;
 . q y q yg w s w , z ) z .
 .In case a , we have
Iqs ¨ , u : w s wq, zyF z F zq, zqF wq , 4.14 4 .  .w
Iys ¨ , u : z s zy, wyF w F wq, wyG zy . 4.15 4 .  .z
 .See Fig. 4.1 .
 . q q  .Otherwise, if 4.14 is violated, that is, z ) w see Fig. 4.2 , then from
 . q4.6 , the second eigenvalue field is genuinely nonlinear on I andz
 . qs 0 ¨ - 0 on I .z
 .By 3.16 , we have
1 1
X2 2 k zl h y q s e c ¨ q O .2 k k 0  / /k k
1 1y5r4k zs y e s 9 ¨ s 0 ¨ q O . 4.16 .  .  . .  / /4k k
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FIG. 4.1.
Thus there exist positive constants c , c such that for sufficiently large k1 2
c q12 2 2 k zm , l h y q G e 4.17 :  .q 2 k k k
and
c y22 2 2 k zm , l h y q F e . 4.18 :  .y 2 k k k
FIG. 4.2.
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 .  .  .Combining 4.17 , 4.18 with 4.12 , it is easy to get2
c cq y1 2k z k ze F e . 4.19 .
k k
 .Letting k ª q` in 4.19 , we conclude
zqs zy.
 .  .This contradiction yields 4.14 . Similarly, we can prove 4.15 .
 .  .  .Now we will show case a is impossible by using 4.14 and 4.15 . From
 .  .assumption A and 4.14 , we know the first eigenvalue field is genuinely2
nonlinear on Iqy S9, wherew
¨ mq q q q ’S9 s w , z : w y z s 2 s 9 s ds, ;¨ g S . 4.20 .  . . Hm m m 5¨ 1
Furthermore, it is easy to prove
s 0 ¨ G 0 on Iq 4.21 .  .w
and
s 0 ¨ ) 0 on Iqy S9. 4.22 .  .w
Now we will show that
f / supp m1 ; S9. 4.23 .q
 q . qOtherwise, we can assume that there exists a point w , z g I y S9 such0 w
that
wq, z g supp m1 . 4.24 . .0 q
 .  .From 3.6 , 3.14 , we have
1 1
X1 1 k wl h y q s e a ¨ q O .1 k k 0  / /k k
1 1y5r4k ws y e s 9 ¨ s 0 ¨ q O . 4.25 .  .  . .  / /4k k
 .  .  .  .  .Combining 4.10 , 4.21 , 4.22 , 4.24 with 4.25 , there exists a positive
constant c , independent of k, such that3
c q31 1 1 k wm , l h y q G e 4.26 :  .q 1 k k 4k
for sufficiently large k.
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 .On the other hand, for sufficiently large k, we have from 4.25
c y41 1 1 k wm , l h y q F e , 4.27 :  .y 1 k k 4k
where c is a positive constant independent of k.4
 .  .  .Combining 4.26 , 4.27 with 4.12 , we have1
c cq y3 4k w k we F e . 4.28 .
4k 4k
 . q y  .Letting k ª q` in 4.28 , we deduce w s w , which proves 4.23 .
 .  .From 4.23 , we know that, for any functions f w, z , there exist points
 q q .  q q .  q q . qw , z , w , z , . . . , w , z and constants a , a , . . . , a with w ym m m 1 2 l1 2 l
q ¨ m i’z s 2 H s 9 s ds, ¨ g S, i s 1, 2, . . . , l, and a ) 0, i s 1, 2, . . . , l, .m ¨ m ii 1 i
l a s 1, such thatis1 i
l
1 q qm , f s a f w , z . 4.29 :  . .q i m i
is1
 . 1 1  .  .  .Choosing f w, z s l h y q in 4.29 , we have from 3.14 , 3.81 k k
m1 , l h1 y q1 :q 1 k k
l N Xa ¨1 1 .q n m ik ws e a q O i n Nq1 5 /k k kis1 ns0
nq1l N1 1 y1 .  . .q y 1r4 2 nq5k w nq2.s e a s 9 ¨ s ¨ .  . . i m mn nq2 i i /k k 2is1 ns0
l N1 1qk w nq1.q e a g ¨ s ¨ .  .  i n1 m mn i ik kis1 ns0
q ??? qg ¨ s 2. ¨ .  . .nn m mi i
1 1qk wq e O . 4.30 .Nq1 /k k
Let
p s min p , p , . . . , p , N q 2 s p; .m m m1 2 l
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 .then, from 4.30 and Lemma 4.2, there exists a positive constant c such5
that for sufficiently large k
c q51 1 1 k wm , l h y q G e . 4.31 :  .q 1 k k p py12 k
 .  .  .Combining 4.31 , 4.27 with 4.12 , we have1
c cq y5 4k w k we F e . 4.32 .p py1 4k2 k
 . q y  .Letting k ª q` in 4.32 , we deduce w s w , which shows case a is
impossible.
 .For case b , we have
supp m1 s wy, zy , supp m1 s wq, zq . 4  4 .  .y q
 .Thus 4.12 shows1
l h1 y q1 wq, zq s l h1 y q1 wy, zy , .  . .  .1 k k 1 k k
i.e.,
N X q1 a ¨ 1 .q nk we q O n Nq1 / /k k kns0
N X y1 a ¨ 1 .y nk ws e q O , 4.33 . n Nq1 / /k k kns0
where ¨q and ¨y are defined by the implicit functions
q y¨ ¨q q y y’ ’w y z s 2 s 9 s ds, w y z s 2 s 9 s ds. .  .H H
¨ ¨1 1
q q y .If ¨ g S, then by letting k ª q` in 4.33 , we deduce w s w , which
 .shows case b is impossible.
q  . q yIf ¨ g S, then we can deduce 4.32 similarly and get w s w , which
 .shows case b is impossible also.
 .Similarly, case g is impossible also. Therefore, the argument above
shows that the family of Young measures n is a family of Dirac massesx, t
and the proof of Theorem 1.1 is completed by using Lemma 4.1.
 .  X .Remark 4.2. If we replace A by the following assumption A :2 2
 X .  4A there exists a finite or infinite set S s ¨ : ¨ ) ¨ , where S2 n n nq1
has no finite limit point, such that
s 0 ¨ s 0, if ¨ g S .
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and
s 0 ¨ - 0, if ¨ g y` , ¨ y S, s 0 ¨ ) 0, if ¨ g ¨ , q` , .  .  .  .1 1
then the conclusions of Theorem 4.1 still hold.
Remark 4.3. In a similar way, we can obtain the existence of the global
 .  .weak solution for the Cauchy problem 1.6 , 1.2 .
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